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CORRIGENDUM TO ”CLASSIFYING C∗-ALGEBRAS WITH BOTH FINITE
AND INFINITE SUBQUOTIENTS”
SØREN EILERS, GUNNAR RESTORFF, AND EFREN RUIZ
Abstract. As recently pointed out by Gabe, a fundamental paper by Elliott and Kucerovsky
concerning the absorption theory for C∗-algebras contains an error, and as a consequence we
must report that Lemma 4.5 in [3] is not true as stated. In this corrigendum, we prove an
adjusted statement and explain why the error has no consequences to the main results of [3].
In particular, it is noted that all the authors’ claims concerning Morita equivalence or stable
isomorphism of graph C∗-algebras remain correct as stated.
In this note, we give a counterexample to [3, Lemma 4.5] and we make the necessary changes
to make the statement true. Before doing this, we first explain where the error occurred. In the
proof of [3, Lemma 4.5] we used [6, Corollary 16] to conclude that a non-unital, purely large
extension is nuclear absorbing. This was the key component to prove [3, Lemma 4.5]. However,
it was recently pointed out by James Gabe in [7] that [6, Corollary 16] is false in general; Gabe
showed that there exists a non-unital extension that is purely large but not nuclear absorbing.
The error occurs for non-unital extensions 0 → I → E→ A → 0 with A unital. We can use [7,
Example 1.1], to find a counterexample to [3, Lemma 4.5] as follows:
Example 1. Let p be a projection in B(ℓ2) such that p and 1
B(ℓ2) − p are norm-full, properly
infinite projections in B(ℓ2). Let e : 0 → K⊕ K → E → C → 0 be the trivial extension induced
by the ∗-homomorphism which maps λ ∈ C to λ(p ⊕ 1
B(ℓ2)). Since p and 1B(ℓ2) − p are norm-
full, properly infinite projections in B(ℓ2), we have that p and 1
B(ℓ2) − p are not elements of K.
Therefore, 1B(ℓ2) ⊕ 1B(ℓ2) − p⊕ 1B(ℓ2) = (1B(ℓ2) − p)⊕ 0 is not an element of K⊕K. Hence, e is a
non-unital extension. By [7, Example 1.1], e is a purely large, full extension that is not nuclear
absorbing. Therefore, e is not absorbing since C is a nuclear C∗-algebra. Therefore, e can not
be isomorphic to an absorbing extension.
We now construct a non-unital, absorbing extension f : 0 → K ⊕ K → F → C → 0 such that
[τe] = [τf] in KK
1(C,K⊕K), where τe and τf are the Busby invariants of e and f respectively. Let
q be a projection in B(ℓ2) such that q and 1
B(ℓ2)−q are norm-full, properly infinite projections in
B(ℓ2). Let f : 0→ K⊕K → F→ C → 0 be the trivial extension induced by the ∗-homomorphism
which maps λ ∈ C to λ(p ⊕ q). Using a similar argument as in the case for e, we have that f
is a non-unital extension. By construction, f is a full extension and hence, f is a purely large
extension since K ⊕ K has the corona factorization property. Since 1B(ℓ2) − p and 1B(ℓ2) − q
are norm-full, properly infinite projections in B(ℓ2), we have that 1
B(ℓ2) ⊕ 1B(ℓ2) − p ⊕ q =
(1
B(ℓ2) − p)⊕ (1B(ℓ2) − q) is a norm-full, properly infinite projection in B(ℓ
2)⊕ B(ℓ2). Moreover,
we have that (1
B(ℓ2) ⊕ 1B(ℓ2) − p ⊕ q)F ⊆ K ⊕ K. Therefore, by [7, Theorem 2.3], f is a nuclear
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absorbing extension, and hence absorbing since C is nuclear. Since e and f are trivial extensions,
we have that [τe] = [τf] = 0 in KK
1(C,K⊕ K). Thus we have proved the existence of f.
Since e is not an absorbing extension and f is an absorbing extension, we have that e is not
isomorphic to f. Note that
KK(idC )× [τf] = [τf] = [τe] = [τe]×KK(idK⊕K)
in KK1(C,K⊕K). We claim that E is not isomorphic to F. Suppose there exists a ∗-isomorphism
ϕ : E→ F. Let πf be the canonical surjective ∗-homomorphism from F to C. Since ϕ and πf are
surjective, we have that (πf◦ϕ)(K⊕K) is an ideal of C. So, (πf◦ϕ)(K⊕K) = 0 or (πf◦ϕ)(K⊕K) = C.
Since K⊕ K has exactly four ideals, 0,K ⊕ 0, 0 ⊕ K, and K ⊕ K, we have that (πf ◦ ϕ)(K ⊕ K) is
either isomorphic to 0, K, or K⊕K. Hence, (πf ◦ϕ)(K⊕K) = 0 which implies that ϕ maps K⊕K
to K⊕K. Similarly, ϕ−1 maps K⊕K to K⊕K. So, ϕ induces an isomorphism of extensions from
e to f, which is a contradiction. Thus, E is not isomorphic to F.
We correct the error in [3, Lemma 4.5] with Proposition 2 below. Of particular interest to
us in [3] is the case that the quotient algebra is non-unital. The main results of [3] deal with
C∗-algebras that are stable. Since the quotient of a stable C∗-algebra is a stable C∗-algebra,
we always apply [3, Lemma 4.5] to extensions 0→ I→ E→ A→ 0 where the quotient algebra
A is a non-unital C∗-algebra. So, in this particular case, [6, Corollary 16] holds as shown in [7,
Theorem 2.1]. Thus, using Proposition 2 in place of [3, Lemma 4.5], the main results of [3] hold
verbatim.
Proposition 2. For i = 1, 2, let ei : 0 → Ii → Ei → Ai → 0 be a non-unital, full extension
of separable, nuclear C∗-algebras. Assume that Ii is stable and has the corona factorization
property. Suppose there exist ∗-isomorphisms ϕ2 : A1 → A2 and ϕ0 : I1 → I2 such that KK(ϕ2)×
[τe2 ] = [τe1 ]×KK(ϕ0). If
(i) A1 is non-unital or
(ii) I1 is either K or a purely infinite simple C
∗-algebra
then there exist ∗-isomorphisms ψ1 : E1 → E2 and ψ0 : I1 → I2 such that the diagram
0 // I1 //
ψ0

E1 //
ψ1

A1 //
ϕ2

0
0 // I2 // E2 // A2 // 0
is commutative and such that KK(ψ0) = KK(ϕ0).
Proof. Throughout the proof, τei will denote the Busby invariant of ei. We will also use the fact
that a nuclear absorbing extension with quotient algebra nuclear is absorbing. We will first show
that ei is an absorbing extension. Since the extension is full and Ii has the corona factorization
property, we have that ei is a purely large extension. Suppose A1 is non-unital. Since A1 ∼= A2,
we have that A2 is non-unital. By [7, Theorem 2.1], the extension ei is a nuclear absorbing
extension, and hence an absorbing extension.
Suppose I1 is either K or a purely infinite simple C
∗-algebra. Since I1 ∼= I2, we have that I2
is either K or a purely infinite simple C∗-algebra. So, Ii is the unique non-trivial ideal ofM(Ii).
We have two cases to deal with, A1 is non-unital or A1 is unital. If A1 is non-unital, then so is
A2, and hence ei is absorbing from the previous case. Suppose A1 is unital, then again so is A2.
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Recall that there exists a ∗-homomorphism σei : Ai →M(Ii) such that the diagram
0 // Ii // Ei
πi
//
σei

Ai //
τei

0
0 // Ii //M(Ii) π
// Q(Ii) // 0
is commutative. Since ei is a non-unital extension, we have that 1Q(Ii) 6= τei(1Ai). We claim that
there exists a projection p inM(Ii) such that p is not an element of Ii and π(p) ≤ 1Q(Ii)−τei(1Ai).
Since Q(Ii) is a purely infinite, simple C
∗-algebra, there exists a non-zero projection q in Q(Ii)
such that q ≤ 1Q(Ii) − τei(1Ai) and q is Murray-von Neumann equivalent to 1Q(Ii) = π(1M(Ii)).
By [10, Lemma 2.8], q lifts to a projection p in M(Ii). Since q 6= 0, we have that p is not an
element of Ii. Thus proving the claim.
Since Ii is either K or a purely infinite simple C
∗-algebra, we have that every projection e in
M(Ii)\Ii is norm-full and properly infinite. Hence, p is a norm-full, properly infinite projection.
Since π(p) ≤ 1Q(Ii) − τei(1Ai), we have that π(p)τei(a) = 0 for all a ∈ Ai. Hence, pσei(Ei) ⊆ Ii.
By [7, Theorem 2.3], ei is a nuclear absorbing extension and hence an absorbing extension. Thus
we have proved that ei is an absorbing extension for all cases.
Let f1 be the extension obtained by pushing forward the extension e1 via the ∗-isomorphism
ϕ0 and let f2 be the extension obtained by pulling-back the extension e2 via the ∗-isomorphism
ϕ2. Let E˜1 and E˜2 be the C
∗-algebras induced by f1 and f2 respectively. Let τfi be the Busby
invariant for the extension fi. We claim that [τf1 ] = [τf2 ] in KK
1(A1,I2).
By the universal property of the push forward, there exists a ∗-isomorphism α : E1 → E˜1
making the diagram commutative
0 // I1 //
ϕ0

E1 //
α

A1 // 0
0 // I2 // E˜1 // A1 // 0.
Using the universal property of the pull-back, there exists a ∗-isomorphism β : E˜2 → E2 making
the diagram commutative
0 // I2 // E˜2 //
β

A1 //
ϕ2

0
0 // I2 // E2 // A2 // 0.
By [9, Proposition 1.1],
[τe1 ]×KK(ϕ0) = [τf1 ]
and
[τf2 ] = KK(ϕ2)× [τe2 ].
Thus, [τf1 ] = [τe1 ] × KK(ϕ0) = KK(ϕ2) × [τe2 ] = [τf2 ] in KK
1(A1,I2), proving the claim that
[τf1 ] = [τf2 ] in KK
1(A1,I2)
Since A1 is a nuclear, separable C
∗-algebra and since [τf1 ] = [τf2 ] in KK
1(A1,I2), there
are trivial extensions σ1, σ2 : A1 → Q(I2) and there exists a unitary v ∈ M(I2) such that
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Ad(π(v)) (τf1 ⊕ σ1) = τf2⊕σ2, where π is the canonical surjective ∗-homomorphism fromM(I2)
onto Q(I2). Since ei is an absorbing extension, we have that fi is an absorbing extension.
Hence, there exists a unitary vi ∈ M(I2) such that Ad(π(vi)) ◦ (τfi ⊕ σi) = τfi. Set U = v2vv
∗
1 .
A computation shows that Ad(π(U)) ◦ τf1 = τf2 . Therefore, Ad(U) induces ∗-isomorphisms
λ0 : I2 → I2 and λ1 : E˜1 → E˜2 such that the diagram
0 // I2 //
λ0

E˜1 //
λ1

A1 // 0
0 // I2 // E˜2 // A1 // 0
is commutative and KK(λ0) = KK(idI2).
Set ψ0 = λ0 ◦ ϕ0 and ψ1 = β ◦ λ1 ◦ α. Then ψ0 and ψ1 satisfies the desired properties. 
We end by commenting on other results by the authors that relied on [6, Corollary 16] and/or
[3, Lemma 4.5].
Observation 3. As proved in [7, Theorem 2.1] that the last part of [6, Corollary 16] holds. More
precisely, for an extension e : 0 → I → E → A → 0 with A non-unital, e is nuclear absorbing if
and only if e is purely large. Consequently, [6, Corollary 16] holds when dealing with extensions
of stable C∗-algebras since a quotient of a stable C∗-algebra is stable. Therefore, the results of
[1] and [2] hold since both articles consider extensions of stable C∗-algebras.
Observation 4. In [8, Theorem 2.6], the second and third named author used [6, Corollary 16]
for extensions 0→ I→ E→ A→ 0 where I is a purely infinite simple C∗-algebra. Thus, using
Proposition 2 in place of [6, Corollary 16], we have that [8, Theorem 2.6] holds as stated.
Observation 5. In [5, Lemma 6.13(a)], the first and third named author with Adam Sørensen
proved a similar result as [3, Lemma 4.5] using [6, Corollary 16]. Although, [5, Lemma 6.13] is
incorrect as stated, it was only applied in [5, Theorem 6.17] for extensions 0→ I→ E→ A→ 0
where I is K or a purely infinite simple C∗-algebra. Therefore, replacing [5, Lemma 6.13(a)]
with Proposition 2, [5, Theorem 6.17] holds as stated.
Observation 6. In [4, Theorem 4.9], the authors give a complete classification of all graph
C∗-algebras with exactly one non-trivial ideal. This result relied on [3, Lemma 4.5]. Using
Proposition 2, [4, Theorem 4.9] is false in exactly one case. It is false in general for the case of
non-unital graph C∗-algebras C∗(E) with exactly one non-trivial ideal I with I an AF-algebra
and C∗(E)/I a unital purely infinite simple C∗-algebra. Using [7, Example 1.1] as inspiration,
one can construct two non-isomorphic, non-unital graph C∗-algebras C∗(E1) and C
∗(E2) such
that each C∗(Ei) has exactly one non-trivial ideal Ii, C
∗(Ei)/Ii is a unital, purely infinite, simple
C∗-algebra, Ii is an AF-algebra, and Ksix(C
∗(E1);I1) ∼= Ksix(C
∗(E2);I2) with an isomorphism
that is a scale and order isomorphism.
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